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Abstract
For a class of quasifree quantum dynamical semigroups on the algebra of the canonical commutation
relations (CCR) we give sufficient conditions for these semigroups to extend to ultraweakly continuous
semigroups of normal operators on the von Neumann algebra associated with a representation of the CCR.
Then the explicit form of the generators of the extended semigroups is calculated.
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1. Introduction
The purpose of this article is to construct a class of quantum dynamical semigroups [2] on
von Neumann algebras arising from representations of the algebra of canonical commutation
relations (CCR-algebra) and to find their generators. The need to construct such semigroups
arises in the theory of open quantum systems where they describe their irreversible time evo-
lution. In particular, our motivation to construct such semigroups stems from applications to
decoherence. The program of environmental decoherence attempts to give an answer to the fun-
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fact that our most fundamental physical theory—quantum theory—results in contradictions to
what is observed when directly applied to macroscopic systems [5,22,38]. Decoherence is an
effect which leads to a dynamical destruction of quantum interference due to the unavoidable
openness of macroscopic systems. It accepts quantum theory as a fundamental description of
nature but contends that it is practically impossible to distinguish operationally between the
vast majority of pure states and the corresponding statistical mixtures due to the emergence
of so-called environment-induced superselection rules, which indicate that the quantum system
acquires classical properties. Therefore, since reversible time evolutions preserve pure states,
one has to consider irreversible evolutions, which are characteristic for open systems, in order to
construct models exhibiting the decoherence effect. In the Markovian approximation, these evo-
lutions are described by a quantum dynamical semigroup [2]. We will not discuss applications to
decoherence in the present paper but we hope to come back to this point in a future publication.
We are primarily interested in irreversible dynamics of systems with infinitely many degrees
of freedom. To describe such systems rigorously we cannot use the framework of standard quan-
tum mechanics in which observables are represented by self-adjoint linear operators on some
Hilbert space and states by positive and normalized trace class operators. Instead we use the
algebraic framework of quantum theory which generalizes the mentioned structures of standard
quantum mechanics by describing a system through certain representations of an abstract C∗-
algebra. Among other things this method takes into account that for infinite systems the canonical
commutation and anticommutation relations admit many inequivalent representations, and that
time evolution may not be implemented by a Hamiltonian (which, as the observable of total
energy, may not exist in representations describing an infinite system), see [19] for a thorough
discussion of these points. Moreover, it is possible to characterize decoherence directly in terms
of the algebraic framework [3,6,24,29], so if we want to discuss decoherence in infinite systems
we have to construct irreversible evolutions on the von Neumann algebra corresponding to rep-
resentations of the underlying C∗-algebra. In this paper we concentrate on Markovian evolutions
of bosonic systems given by a quantum dynamical semigroup, so in our case the C∗-algebra is
the algebra of canonical commutation relations (CCR-algebra).
Several methods to construct quantum dynamical semigroups on von Neumann algebras have
been developed. Uniformly continuous dynamical semigroups have been characterized through
their generators [12] by exploiting complete positivity. However, for bosonic systems uniform
continuity (or even strong continuity) is a too strong restriction. On von Neumann algebras
in standard form a one-to-one correspondence between dynamical semigroups satisfying a cer-
tain symmetry condition and noncommutative Dirichlet forms has been established [13], and a
method for constructing certain noncommutative Dirichlet forms has been given [30]. This has
been applied to construct an example of a weak∗-continuous quantum dynamical semigroup on
representations of the CCR-algebra with respect to quasifree states [4]. However, these methods
have not resulted in a rich supply of examples of dynamical semigroups on von Neumann alge-
bras, in particular not on von Neumann algebras corresponding to representations of the CCR.
We attempt to improve this situation by introducing a class of quantum dynamical semigroups
on representations of the CCR. We start out from a class of semigroups on the CCR-C∗-algebra,
constructed over an arbitrary symplectic space, which was introduced in [7]. These semigroups
were constructed by means of the so-called {Sˆt }t∈R-perturbed convolution semigroups of mea-
sures. Then we address the question under which conditions they extend to quantum dynamical
semigroups on representations of the CCR-algebra. More precisely, we consider the following
problem. Let A(S) be the CCR-algebra over a symplectic space S and suppose that {τt }t0 is
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a {Sˆt }t∈R-perturbed convolution semigroup. Let π be a representation of A(S) on the Hilbert
space H and let π(A(S))′′ =M be the von Neumann algebra corresponding to π . Does there ex-
ist a quantum dynamical semigroup {Tt }t0 on M such that Tt (π(x)) = π(τt (x)) for all x ∈A(S)
and t  0? Here, by the term quantum dynamical semigroup we mean a semigroup {Tt }t0 of
normal unital and completely positive operators on a von Neumann algebra such that the map
R+  t → Tt (x) is ultraweakly continuous for each x ∈ M. This problem consists of two parts,
the first is the question of ultraweak continuity of the map t → Tt (x) and the second is that of
normality (i.e. ultraweak–ultraweak continuity) of each Tt . For automorphism groups the first
part of this question has been considered by a number of authors [1,23,28,31]. If A is a concrete
C∗-algebra acting on a Hilbert space and {αg}g∈G ⊆ AutA is a group of automorphisms (here G
is a topological group) such that each αg extends to an automorphism α¯g on M=A′′, they gave
sufficient conditions for {α¯g}g∈G to be ultraweakly continuous provided G  g → αg(x), x ∈A,
is ultraweakly continuous. In Section 2 we provide an answer of a corresponding question for
weak∗-continuous one-parameter semigroups on Banach spaces; then in Section 3 this result is
applied to the case of quantum dynamical semigroups on von Neumann algebras.
The second part of the above question is addressed in Section 4. There we give conditions on
the {Sˆt }t∈R-perturbed convolution semigroup of measures and the representation on the CCR-
algebra such that a quantum dynamical semigroup {Tt }t0 with the mentioned properties exists.
Having obtained quantum dynamical semigroups on the von Neumann algebra M correspond-
ing to representations of the CCR-algebra by our extension procedure we can inquire about the
explicit form of their generators. In Section 4.3 we calculate the generators of the semigroups
{Tt }t0 induced by {Sˆt }t∈R-perturbed convolution semigroups of Gaussian, Poisson, and Dirac
type.
2. Continuity of semigroups on Banach spaces
Let X be a Banach space. We assume that it has a predual space X∗, i.e. a Banach space
such that its dual equals X. The canonical dual pairing between X and X∗ is denoted by 〈·,·〉.
Generally, unit balls of normed spaces X will be denoted by ball X. We will consider the σ(X,X∗)-
topology or weak∗-topology on X. A semigroup {Tt }t0 of ‖ · ‖-bounded operators is called
weak∗-continuous if the maps t → Tt (x) for each x ∈ X and x → Tt (x) for each t  0 are
continuous in this topology. We define its weak∗-generator Z as usual:
domZ =
{
x ∈ X: lim
t↓0 t
−1(Tt (x)− x) in the weak∗-topology},
Zx = lim
t↓0 t
−1(Tt (x)− x) in the weak∗-topology, x ∈ domZ.
A semigroup {Tt }t0 is called contractive if ‖Tt‖  1 for all t  0. We start by recalling the
Hille–Yosida theorem which is the basis of the proof of the main result in this section (Theo-
rem 4).
Theorem 1. (Hille–Yosida). Let Z be an operator on X, then the following assertions are equiv-
alent:
(1) The operator Z is the generator of a weak∗-continuous contractive semigroup.
1456 P. Blanchard et al. / Journal of Functional Analysis 256 (2009) 1453–1475(2) The operator Z is weak∗-densely defined and weak∗–weak∗-closed. For all numbers λ 0
∥∥(λ1− Z)x∥∥ λ‖x‖ for all x ∈ domZ, (1)
and for some and hence all λ > 0
ran(λ1−Z) = X. (2)
If (1) or (2) holds we have the following integral representation of the resolvent Rλ(Z) of Z,
Rλ(Z)x = (λ1−Z)−1x =
∞∫
0
e−λsTs(x)ds, x ∈ X, Reλ > 0, (3)
where the integral converges in the weak∗-topology.
For a proof see [10, Proposition 3.1.6. and Theorem 3.1.10].
In the following we assume X∗ to be separable and that there exists a subspace X0 ⊆ X such
that ball X0 ⊆ ball X is weak∗-dense (then clearly X0 is weak∗-dense in X). Let {T 0t }t0 be a
semigroup of contractive operators T 0t : X0 → X0. We will assume that each operator T 0t has an
extension to a weak∗–weak∗-continuous operator Tt : X → X. It is clear that the extension Tt is
unique and contractive.
Our objective is to prove that under these assumptions {Tt }t0 is a weak∗-continuous semi-
group on X. We start by establishing two lemmas.
Lemma 2. Assume that t → Tt (x) = T 0t (x) is weak∗-measurable for each x ∈ X0 and define the
family of operators {R0λ: λ > 0} by
R0λ(x) =
∞∫
0
e−λsT 0s (x)ds, where x ∈ X0, λ > 0. (4)
Then R0λ extends to a bounded weak∗–weak∗-continuous operator Rλ on X such that ‖Rλ‖ 1/λ
for all λ > 0.
Proof. The separability of X∗ implies that the weak∗-topology on ball X is metrizable and by as-
sumption ball X0 ⊆ ball X is dense. Let x ∈ ball X and choose {xn}n∈N ⊆ ball X0 with xn → x. As
pointwise limit of the maps t → αn(t) = T 0t (xn) the map t → α(t) = Tt (x) is weak∗-measurable
and we may define
Rλ(x) =
∞∫
e−λsTs(x)ds (5)
0
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Next we have
∣∣〈Rλ(x),ϕ〉∣∣
∞∫
0
e−λs‖x‖ · ‖ϕ‖ds  1
λ
‖x‖ · ‖ϕ‖
for all x ∈ X and ϕ ∈ X∗, thus ‖Rλ‖  1/λ. By the dominated convergence theorem we obtain
for ϕ ∈ X∗ that
〈
Rλ(xn),ϕ
〉=
∞∫
0
e−λs
〈
Ts(xn),ϕ
〉
ds →
∞∫
0
e−λs
〈
Ts(x),ϕ
〉
ds = 〈Rλ(x),ϕ〉
as n → ∞ for any sequence {xn}n∈N ⊆ ball X with xn → x, therefore Rλ is weak∗–weak∗-
continuous when restricted to ball X. Using the Krein–Šmulian theorem this implies that Rλ is
weak∗–weak∗-continuous on X. 
Lemma 3. The operators Rλ defined in Lemma 2 satisfy the resolvent equation
Rλ −Rμ = (μ− λ)RλRμ for all λ,μ > 0. (6)
Proof. Assume that λ −μ > 0. Using (5) we obtain
RλRμ(x) =
∞∫
0
∞∫
0
e−λse−μtTt+s(x)dt ds
=
∞∫
0
e−(λ−μ)s
( ∞∫
s
e−μtTt (x)dt
)
ds
= 1
λ −μRμ(x)−
∞∫
0
e−(λ−μ)s
( s∫
0
e−μtTt (x)dt
)
ds
= 1
λ −μ
(
Rμ(x)−Rλ(x)
)
by a partial integration. From [Rλ,Rμ] = 0 for all λ,μ > 0 the result follows. 
Theorem 4. Assume that t → Tt (x) = T 0t (x) is weak∗-continuous for all x ∈ X0. Then {Tt }t0
is a weak∗-continuous contractive semigroup on X.
Proof. Using (6) we conclude that for any λ,μ > 0 the following relations hold true:
kerRλ = kerRμ, ranRλ = ranRμ. (7)
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|〈Tt (x)−x,ϕ〉| = |〈T 0t (x)−x,ϕ〉| < . Furthermore, there exists λ0  0 such that λ > λ0 implies
λ
∫∞
δ
e−λs ds = e−λδ < . Thus if λ > λ0 it follows that
∣∣〈λRλ(x)− x,ϕ〉∣∣ λ
δ∫
0
e−λs
∣∣〈Ts(x)− x,ϕ〉∣∣ds
+ λ
∞∫
δ
e−λs
∣∣〈Ts(x)− x,ϕ〉∣∣ds
 λ
δ∫
0
e−λs ds + 2λ‖x‖ · ‖ϕ‖
∞∫
δ
e−λs ds
<  + 2‖x‖ · ‖ϕ‖,
which shows that λRλ(x) → x as λ → ∞ in the weak∗-topology for any x ∈ X0. Since
‖λRλ‖ 1 it follows from (7) that ball X0 ⊆ ball ranRλ ⊆ ball X, which implies that ball ranRλ
is dense in ball X. Next from (6) we conclude that
∥∥(λRλ − 1)Rμ∥∥= ∥∥λRλRμ − Rλ + (μ − λ)RλRμ∥∥
 ‖Rλ‖ +μ‖Rλ‖ · ‖Rμ‖
 2/λ
for all λ > 0. Thus ‖(λRλ − 1)x‖  (2/λ)‖x‖ for all x ∈ ranRλ. For each x ∈ X there exists a
‖ · ‖-bounded sequence {xn}n∈N ⊆ ranRλ with ‖xn‖ ‖x‖ such that limxn = x in relative to the
weak∗-topology. Then, for any ϕ ∈ X∗, we have
∣∣〈(λRλ − 1)xn,ϕ〉∣∣ (2/λ)‖x‖ · ‖ϕ‖,
and upon letting n → ∞ we get |〈(λRλ −1)x,ϕ〉| (2/λ)‖x‖ ·‖ϕ‖, and finally ‖(λRλ −1)x‖
(2/λ)‖x‖ for all x ∈ X. This proves that limλ→∞ λRλx = x for all x ∈ X in the norm topology. If
x ∈ kerRλ for some and hence all λ > 0 then this result implies 0 = limλ→∞ λRλx = x, hence
kerRλ = {0} and Rλ is injective for any λ > 0. This allows us to define the operator
Z = λ01−R−1λ0 , domZ = ranRλ0 , (8)
for some λ0 > 0. Using (6) we have
(λ1−Z)Rλ =
[
(λ − λ0)1+ (λ01− Z)
]
Rλ
= [(λ − λ0)1+ (λ01− Z)]Rλ0[1− (λ − λ0)Rλ]
= 1+ (λ− λ0)
[
Rλ −Rλ − (λ − λ0)RλRλ
]= 1,0 0
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definition of Z does not depend on λ0. Moreover, Z is weak∗-densely defined and weak∗–
weak∗-closed since Rλ is weak∗–weak∗-continuous. Taken together we have ran(λ1− Z) = X
and ‖(λ1− Z)x‖ λ‖x‖ for all x ∈ domZ, λ > 0, showing that condition (2) of Theorem 1 is
satisfied and Z is the generator of a weak∗-continuous contractive semigroup {St }t0. It remains
to prove that {St }t0 coincides with {Tt }t0. By the integral representation of the resolvent we
have
∞∫
0
e−λsSs(x)ds = Rλ(x) =
∞∫
0
e−λsTs(x)ds
for x ∈ X and all λ ∈ C with Reλ > 0, which implies equality of {Tt }t0 and {St }t0 because the
integrands are continuous functions of s. 
3. Continuity of semigroups on von Neumann algebras
We now apply the result of the last section to semigroups on von Neumann algebras. For the
basic facts and terminology about C∗-algebras and von Neumann algebras we refer to [10,32].
Recall that on a von Neumann algebra M with predual space M∗ the weak∗-topology, i.e. the
σ(M,M∗)-topology, is equivalent to the ultraweak topology, and that an operator T : M → M
is normal if and only if it is σ(M,M∗)–σ(M,M∗)-continuous.
A semigroup {Tt }t0 of operators on a von Neumann algebra M is called a quantum dy-
namical semigroup if it is weak∗-continuous, i.e. if each Tt is continuous and if t → Tt (x) is
ultraweakly continuous for all x ∈ M, and moreover if each operator Tt is completely positive
and unital, i.e. Tt (1) = 1 for any t  0. Then {Tt }t0 is automatically contractive.
Let B be a nondegenerate∗-subalgebra on the Hilbert space H (B is automatically nondegen-
erate if it contains the identity operator 1), and let M=B′′, the von Neumann algebra generated
by B; then B is ultraweakly dense in M. We consider a contractive semigroup {T 0t }t0 on B.
Corollary 5. Assume that H is separable and that each T 0t , t  0, extends to a normal opera-
tor Tt on M. Moreover, assume that t → Tt (x) is ultraweakly continuous for each x ∈ B. Then
{Tt }t0 is a weak∗-continuous contractive semigroup on M.
Proof. Since H is separable, it follows that M∗ is separable [32]. Moreover, by the Kaplan-
sky density theorem ballB ⊆ ballM is weak∗-dense and the conclusion follows from Theo-
rem 4. 
It is worth recalling at this point that any unital linear map on a C∗-algebra into a C∗-algebra
is contractive if and only if it is positive. Thus if T 0t in Corollary 5 is unital then the semigroup{Tt }t0 is positive.
Now let A be an abstract C∗-algebra and let {τt }t0 be a contractive semigroup on A. For
a state ω on A let us consider the Gelfand–Naimark–Segal (GNS)-representation (πω,Hω, ξω)
of A on the Hilbert space Hω with cyclic vector ξω ∈ Hω . The semigroup {τt }t0 is called ω-
continuous if t → πω(τt (x)) is ultraweakly continuous for all x ∈ A, and we say that {τt }t0 is
ω-covariant if there is a semigroup of normal contractive operators {Tt }t0 on M such that
Tt
(
πω(x)
)= πω(τt (x)), x ∈A, t  0. (9)
1460 P. Blanchard et al. / Journal of Functional Analysis 256 (2009) 1453–1475Let us observe that {Tt }t0 is uniquely defined. Furthermore, {Tt }t0 is positive (resp. com-
pletely positive) if (and only if provided πω is faithful) {τt }t0 positive (resp. completely pos-
itive). A state ω is called separating if ξω is a separating vector for the von Neumann algebra
M = πω(A)′′, or equivalently, if ξω is cyclic for M′. Let S (A) be the set of all states on A and
let Nω ⊆ S (A) be the folium of all ω-normal states, i.e. ψ ∈ Nω if and only if there exists a
normal state ϕ on πω(A)′′ such that ψ(x) = 〈πω(x),ϕ〉 for all x ∈ A. Recall that two states ω1
and ω2 are called quasi-equivalent if Nω1 = Nω2 .
Theorem 6. Let ω be a separating state on A and let Hω be separable. Suppose that a positive
unital semigroup {τt }t0 is ω-continuous, and let ω and ω ◦ τt be quasi-equivalent for any t  0.
Then {τt }t0 is ω-covariant and the semigroup {Tt }t0 on M satisfying (9) is positive and weak∗-
continuous.
Proof. If ω is separating we have Nω = {ψ ∈S (A): ψ  λω for some λ 0} where the clo-
sure is taken in norm topology (see [15, Theorem 4.2]). By assumption we have Nω = Nω◦τt .
Let ψ ∈ Nω, then there exists a sequence {ψn}n∈N with ψn  λnω such that λn  0 and
‖ψn −ψ‖ → 0 as n → ∞. By positivity of τt we have ψn ◦ τt  λn(ω ◦ τt ), hence ψn ◦ τt ∈
Nω◦τt , and since folia are norm-closed we obtain ψ ◦ τt ∈ Nω◦τt = Nω, thus we have proved
(τt ◦ ω)(Nω) ⊆ Nω. Therefore if ϕ ∈ M∗ is a normal state and ψ(x) = 〈πω(x),ϕ〉, x ∈ A, there
exists a normal state Tt,∗(ϕ) ∈M∗ such that ψ(τt (x)) = 〈πω(τt (x)), ϕ〉 = 〈πω(x), Tt,∗(ϕ)〉, thus
a bounded positive map Tt,∗ on M∗ is well defined and its dual Tt is normal and satisfies (9).
We conclude by Corollary 5 since πω(A) is a nondegenerate ∗-algebra and since {τt }t0 is ω-
continuous. 
We remark that it is easy to show that α ∈ AutA is ω-covariant if and only if ω and ω ◦ α
are quasi-equivalent (use e.g. [10, Theorem 4.2.26]). If A has a quasilocal structure, states of
different normal folia correspond to systems which differ in global properties [20], such as tem-
perature for systems in thermal equilibrium (KMS states on a type III von Neumann algebra at
different temperatures are disjoint). So the last result can be interpreted as follows: if an evolu-
tion {τt }t0 is such that it changes only local properties of the system (i.e. ω and ω ◦ τt remain
quasi-equivalent for all t  0 and hence Nω = Nω◦τt ) then the evolution is ω-covariant and is
given by a semigroup of affine maps on the normal states of a single representation.
4. Dynamical semigroups on representations of the CCR-algebra
4.1. Perturbed convolution semigroups
Let (S, σ ) be a symplectic space, i.e. a real vector space S with an alternating bilinear form
σ : S × S → R which we allow to be degenerate. Let W(f ), f ∈ S, be abstract symbols, called
Weyl operators, and let A0(S, σ ) be the set of all formal linear combinations of Weyl operators,
A0(S, σ ) =
{
n∑
k=1
zkW(fk): zk ∈ C, fk ∈ S, n ∈ N
}
.
The product of two Weyl operators is defined by the canonical commutation relations
W(f )W(g) = e−iσ(f,g)/2W(f + g), f, g ∈ S, (10)
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respectively, to A0(S, σ ). The completion A1(S, σ ) of A0(S, σ ) with respect to the norm
∥∥∥∥∥
n∑
k=1
zkW(fk)
∥∥∥∥∥
1
:=
n∑
k=1
|zk|, fi = fj if i = j,
is a Banach∗-algebra. We now define a norm on A1(S, σ ) by
‖x‖ := sup
ω∈S (A1(S,σ ))
[
ω(x∗x)
]1/2
, x ∈A1(S, σ ),
where S (A1(S, σ )) denotes the set of all states on A1(S, σ ). Then the completion of A1(S, σ )
in this norm is a C∗-algebra A(S, σ ), called the algebra of canonical commutation relations, in
short the CCR-algebra. We write A(S) if no confusion can arise about σ . The study of CCR-
algebras has generated a vast amount of literature, see for instance [17,25], and [27] for the case
of a degenerate symplectic form.
For a state ω ∈S (A(S, σ )) we define its characteristic function cω : S → C by f → cω(f ) =
ω(W(f )). Then the characteristic function satisfies the properties:
(1) cω(0) = 1.
(2) For all f1, . . . , fn ∈ S and z1, . . . , zn ∈ C, n ∈ N, it follows that
n∑
i,j=1
z¯izj e
iσ(fi ,fj )/2cω(fj − fi) 0.
Conversely [27], every function S → C satisfying properties (1) and (2) defines a state.
If S is considered as an Abelian group equipped with the discrete topology, its character
group, endowed with the Gelfand topology, is denoted by Sˆ; then Sˆ is compact. The algebra
of all bounded complex Borel measures on Sˆ is denoted by Mb(Sˆ) and the set of probability
measures by M+1 (Sˆ). For μ ∈Mb(Sˆ) the Fourier transform is defined by
A ∼= S  f → (Fμ)(f ) =
∫
Sˆ
χ(f )dμ(χ),
where A is the character group of Sˆ which is canonically isomorphic to S by the Pontrjagin–van
Kampen theorem. If μ is a positive measure, Fμ is a positive-definite functional on S, and by
Bochner’s theorem any positive-definite functional on S is the Fourier transform of a positive
measure in M+b (Sˆ). For any linear operator S : S → S the dual operator Sˆ : Sˆ → Sˆ, defined by
(Sˆχ)(f ) = χ(Sf ), f ∈ S, χ ∈ Sˆ, is a continuous group homomorphism.
In [7] we introduced the concept of a {Sˆt }t∈R-perturbed convolution semigroup: let {St }t∈R
be a group of symplectic linear maps on S, i.e.
σ
(
St (f ), St (g)
)= σ(f,g) for all f,g ∈ S, t ∈ R.
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Dirac measure concentrated in the unit e ∈ Sˆ, and if
μt ∗ (Sˆt )∗μs = μt+s , s, t  0. (11)
Here (Sˆt )∗ :M+1 (Sˆ) →M+1 (Sˆ) is defined by [(Sˆt )∗μ](E) = μ(Sˆ−1t (E)) where E is a Borel set
of Sˆ and μ ∈ M+1 (Sˆ). It is worth remarking that convolution semigroups satisfying a relation
similar to (11) were studied independently in the context of generalized Mehler semigroups,
see [8,18,34]. A main result of [7] was the first part of the following theorem which we generalize
here by allowing the symplectic form σ to be degenerate.
Theorem 7. Any {Sˆt }t∈R-perturbed convolution semigroup {μt }t0 ⊆M+1 (Sˆ) induces a unique
semigroup {τt }t0 of completely positive contractive and unital operators on A(S, σ ) such that
τt
(
W(f )
)= Γt (f )W (St (f )), f ∈ S, t  0, (12)
where Γt = Fμt for any t  0. Conversely, for any completely positive contractive semigroup
{τt }t0 on A(S, σ ) which satisfies (12), where {St }t∈R is a group of symplectic linear maps, there
exists a {Sˆt }t∈R-perturbed convolution semigroup {μt }t0 such that Γt = Fμt for any t  0.
Proof. Consider a map τ on A0(S, σ ), defined by τ(W(f )) = Γ (f )W(S(f )), f ∈ S. It was
shown in [16] that τ extends to a completely positive map on A(S, σ ) if and only if there
exists a state ω ∈ S (A(S, σS)) such that Γ = cω; here σS is the symplectic form given by
σS(f, g) = σ(f,g)−σ(S(f ), S(g)), f,g ∈ S. Since St is symplectic, σSt is zero and by positive-
definiteness of f → (Fμt)(f ) there exists a state ωt ∈ S (A(S,0)) such that Fμt = cωt ,
hence τt extends from A0(S, σ ) to a completely positive contraction on A(S, σ ). It is enough
to check the semigroup property on Weyl operators which follows by a calculation using (11).
Finally, τt (1) = 1 for all t  0 where 1 = W(0) is the unit in A(S, σ ). Conversely, if {τt }t0
is a completely positive semigroup of the form (12) then there exist states ωt ∈ S (A(S,0))
such that Γt = cωt , hence this function is positive-definite and by Bochner’s theorem there exists
μt ∈M+1 (Sˆ) such that Fμt = Γt for every t  0. By the semigroup property,
Γs+t (f )W
(
Ss+t (f )
)= Ts+t(W(f ))= Ts(Tt(W(f )))
= Γt(f )Γs
(
St (f )
)
W
(
Ss+t (f )
)
,
for any s, t  0 and f ∈ S. Multiplying by W(Ss+t (f ))∗ from the left shows that we have
Γt (f )Γs(St (f )) = Γs+t (f ), i.e. (Fμt)(f ) · (Fμs)(St (f )) = (Fμs+t )(f ) which is equivalent
to (11). 
4.2. Extension to representations of the CCR-algebra
Let us fix a symplectic space (S, σ ) with a nondegenerate symplectic form σ and consider
A(S) =A(S, σ ). We will give sufficient conditions for a semigroup {τt }t0 of the form (12) with
a symplectic group {St }t∈R to be ω-covariant for a state ω ∈S (A(S)) such that the correspond-
ing semigroup {Tt }t0 defined by (9) is a quantum dynamical semigroup.
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topological dual. Subsets of E′ of the form
C(B;x1, . . . , xn) =
{
y ∈ E′: (〈x1, y〉, . . . , 〈xn, y〉) ∈ B}, (13)
where x1, . . . , xn ∈ E are linearly independent, B ⊆ Rn is a Borel set, and n ∈ N, are called
cylinder sets, the algebra of all cylinder sets is denoted by UE′ . A set function μ :UE′ → R+ ∪
{∞} is called a quasimeasure if the restriction of μ to the σ -algebra {C(B;x1, . . . , xn): B ⊆
Rn a Borel set} is a measure for all linearly independent x1, . . . , xn ∈ E. If μ is σ -additive on UE′
then μ has a unique extension to σ(UE′). For certain functions on E′, so-called cylindrical
functions, it is possible to define an integral with respect to a quasimeasure, see [14,35] for
details.
In the following we will need a criterion which ensures that a quasimeasure μ on UE′ is
σ -additive. For this reason we introduce some notions concerning locally convex topologies
on E. Let Ph(E,β) be the set of all β-continuous Hilbert seminorms p on E, i.e. with the
property p(x + y)2 + p(x − y)2 = 2p(x)2 + 2p(y)2 for all x, y ∈ E. For any seminorm p
on E let Ep = E/p−1(0), we denote by ψp : E → Ep the quotient map and define the norm
‖ψp(x)‖p = p(x), x ∈ E. The completion of Ep with respect to ‖ · ‖p is denoted by E˜p , and
let ψp also denote the canonical map from E into E˜p . If p ∈ Ph(E,β) then E˜p is a Hilbert
space, and we define on E the seminorm q(x) = ‖ρψp(x)‖p where ρ is a positive Hilbert–
Schmidt operator on E˜p , and we let Pn(E,β) be the set of all seminorms thus obtained. The
locally convex topology induced by Pn(E,β) is called the nuclear topology on E, and E is
called nuclear if τn(E,β) = β . We give two examples of nuclear topologies needed below.
1. τn(E,σ (E,E′)) = σ(E,E′). In particular, for a symplectic space (S, σ ) with nondegenerate
symplectic form σ it induces a dual pairing between S and itself, making it possible to define the
σ(S,S)-topology on S, and S = S′.
2. Let E be a pre-Hilbert space with inner product 〈·,·〉, then q ∈ Pn(E,‖ · ‖) is of the form
q(x) = √〈ρx,ρx〉, where ρ is a positive Hilbert–Schmidt operator on the completion E˜.
We can now formulate the following criterion [14,35] for σ -additivity of a quasimeasure μ
on UE′ . If
E  x → (Fμ)(x) =
∫
E′
ei〈x,y〉 dμ(y) (14)
is τn(E,β)-continuous then μ is σ -additive. Notice that E  x → ei〈x,y〉 is cylindrical. This result
is a generalization of the well-known Minlos–Sazonov theorem for Hilbert spaces.
Consider a group of symplectic linear maps {St }t∈R. It induces a group of ∗-automor-
phisms {αt }t∈R on A(S) such that αt (W(f )) = W(St (f )), f ∈ S, t ∈ R. Let ω ∈ S (A(S)),
let (πω,Hω, ξω) be the corresponding GNS-triplet, and denote the corresponding von Neumann
algebra by M= πω(A(S))′′. As an abbreviation write Wω(f ) = πω(W(f )), f ∈ S. Observe that
the Wω(f ) also satisfy (10). Assume that {μt }t0 ⊆M+1 (Sˆ) is a {Sˆt }t∈R-perturbed convolution
semigroup. The following conditions will be shown to be sufficient for the semigroup {τt }t0
on A(S) given by Theorem 7 to extend to a quantum dynamical semigroup on M:
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E2. The map t → μt ∈Mb(Sˆ) is vaguely continuous.
E3. The map f → Wω(f ) is measurable when S is endowed with σ(US) and M with the Borel
σ -algebra of the weak operator topology.
E4. The group {αt }t∈R is ω-covariant, i.e. there exists a group of ∗-automorphisms {βt }t∈R ⊆
AutM such that
πω
(
αt
(
W(f )
))= βt(Wω(f )), f ∈ S, t ∈ R. (15)
E5. The map t → πω(αt (W(f ))) = Wω(St (f )) is continuous in the weak operator topology (i.e.
{αt }t∈R is ω-continuous).
E6. The Hilbert space Hω is separable.
Proposition 8. Suppose that ω, {μt }t0, and {St }t∈R satisfy conditions E1–E6. Then the semi-
group {τt }t0 of Theorem 7 with the property (12) is ω-covariant. The corresponding semigroup
{Tt }t0 on M satisfying (9) is a quantum dynamical semigroup. Moreover, {Tt }t0 is the unique
ultraweakly continuous semigroup on M satisfying
Tt
(
Wω(f )
)= (Fμt)(f )Wω(St (f )), f ∈ S, t  0. (16)
Proof. Endow S with the σ(S,S)-topology. Since for each t  0 the map f → (Fμt)(f ) is
positive-definite and continuous when restricted to finite-dimensional subspaces of S there exists
by Proposition I.3.3 of [14] a normalized quasimeasure νt on US such that
(Fμt)(f ) =
∫
S
eiσ(f,g) dνt (g), f ∈ S, t  0. (17)
By E1 each νt is σ -additive and extends to a measure on σ(US). Thus we can define on M the
operators Vt by an integral with respect to νt over a noncylindrical function:
Vt (x) =
∫
S
Wω(g)xWω(g)
∗ dνt (g), x ∈M, t  0.
This is well defined since the integrand is weakly measurable by E3. The Vt are completely
positive, unital, and normal. Using E6 normality can be shown in the same way as the weak∗–
weak∗-continuity of Rλ in the proof of Lemma 4. By (10) it is easy to see that we have
Vt (Wω(f )) = (Fμt)(f )Wω(f ), f ∈ S, t  0. Using E4 we define on M the operators Tt by
Tt (x) = (βt ◦ Vt )(x), x ∈M, t  0.
Clearly, the Tt are normal, completely positive, and unital. Using (11) and the properties of the
Fourier transform one can show that {Tt }t0 satisfies the semigroup property Ts ◦ Tt = Ts+t for
s, t  0 and T0 = 1 by checking it on Weyl operators. By construction the Tt satisfy (16), and
in particular Tt (Wω(f )) = πω(τt (W(f ))). By a density argument this relation implies (9). It re-
mains to prove the ultraweak continuity of {Tt }t0. Define B = lin{Wω(f ): f ∈ S}. By (10)
it follows that B is a ultraweakly dense ∗-subalgebra of M and 1 ∈ B. Since t → (Fμt)(f )
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t → Tt (Wω(f )) = (Fμt)(f )Wω(St (f )) is ultraweakly continuous for each f ∈ S. This prop-
erty extends to finite linear combinations of Weyl operators, hence the map t → Tt (x), x ∈B, is
ultraweakly continuous. Using E6 the conclusion now follows from Corollary 5. 
We make some remarks about the validity of conditions E1–E6.
1. A natural embedding S ↪→ Sˆ is given by the identification of g ∈ S with the character χg ∈ Sˆ
defined by χg(f ) = eiσ(f,g). If suppμt ⊆ S for all t  0 condition E1 becomes redundant be-
cause we have by definition of the Fourier transform
(Fμt)(f ) =
∫
S
eiσ(f,g) dμt(g), f ∈ S, t  0,
which replaces (17) in the proof of the proposition.
2. Assume that S is a complex separable Hilbert space with inner product 〈·,·〉, considered as
a symplectic space by defining σ(f,g) = Im〈f,g〉, f,g ∈ S. Then it can be shown that σ(US)
is the Borel σ -algebra of the norm topology of S, therefore E3 can be rephrased by requiring
norm-to-weak operator-measurability.
3. If there exist unitaries ut ∈ L(Hω) such that πω(αt (x)) = utπω(x)u∗t for all t  0 and x ∈
A(S) condition E4 is satisfied. See [9] for a number of sufficient conditions for the existence
of such ut . In particular, this is the case if ω ◦ αt = ω for all t ∈ R. Moreover, if there exists
a cyclic and separating vector for M in Hω , it follows from Tomita–Takesaki theory (see [10,
Corollary 2.5.32]) that {αt }t∈R ⊆ AutA is unitarily implementable if and only if it is ω-covariant.
The following example shows that the conditions E1–E6 are satisfied in situations of physical
interest.
Example 9. We consider the temperature representation of a free Bose gas. Let S = L2(Rd) and
assume that H is the free Hamiltonian, i.e. the unique self-adjoint extension of −∇2 to S. Let
β > 0 and μ ∈ R such that H  (μ+ c)1 for some c > 0. If we put z = eβμ it can be shown that
ω
(
W(f )
)= exp(−1
4
〈
f,
(
1+ ze−βH )(1− ze−βH )−1f 〉), f ∈ S,
defines a gauge invariant quasifree state on A(S). This state is the thermal equilibrium state of a
free Bose gas in the high temperature-low density (noncondensed) regime. Let {St }t∈R be given
by St (f ) = eitH f , then clearly St is symplectic. For details and proofs of the above facts we
refer to [11]. By Proposition 5.2.29 of [11] the following properties hold: the map f → Wω(f )
is strongly continuous when S is endowed with the norm topology, hence E3 is satisfied. There
exists a strongly continuous unitary group {ut }t∈R on Hω , defined by
utxξω = αt (x)ξω, x ∈A(S), (18)
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let S0 be a countable dense set in S. Then it is easy to see that the set
{
n∑
j=1
(aj + ibj )Wω(fj )ξω: aj , bj ∈ Q, fj ∈ S0, n ∈ N
}
⊆Hω
is countable and dense in Hω , hence E6 is satisfied. Summarizing, we have shown that for a
thermal equilibrium state of a noncondensed free Bose gas all conditions depending on the rep-
resentation, i.e. E3–E6, are satisfied. Therefore it only remains to construct a {Sˆt }t∈R-perturbed
convolution semigroup satisfying conditions E1 and E2, see the next section and [7].
We now show that if S can be densely embedded in a larger symplectic space S¯, then,
for certain states ω, the condition suppμt ⊆ S¯, t  0, implies the conclusion of Proposi-
tion 8. Let T (S, σ ) be the set of all topologies τ on the symplectic space (S, σ ) such that
S × S  (f, g) → f + g and S × S  (f, g) → σ(f,g) are (jointly) τ -continuous and such that
R  t → tf is τ -continuous. For every τ ∈ T (S, σ ) define Fτ (S, σ ) = {ω ∈S (A(S, σ )): f →
cω(f ) is τ -continuous}; remark that a characteristic function cω is τ -continuous on S if and only
if it is τ -continuous at 0 [21]. Then it can be shown [21] that Fτ (S, σ ) is a folium and that every
state in Fτ (S, σ ) is regular.
Let (S¯, σ¯ ) be a symplectic space with a nondegenerate symplectic form σ¯ and equipped with
some topology τ ∈ T (S¯, σ¯ ) such that the symplectic space (S, σ ) is τ -dense in S¯ and σ¯  S = σ .
Note that because σ¯ is nondegenerate and S ⊆ S¯ is dense we have the inclusions S ⊆ S¯ ⊆ ˆ¯S ⊆ Sˆ.
It has been shown in [21] that ω ∈ Fτ (S, σ ) extends to a unique state ω¯ ∈ Fτ (S¯, σ¯ ) and that the
corresponding GNS-representations have the property πω¯ A(S) = πω, Hω¯ =Hω , and ξω¯ = ξω.
Proposition 10. Let S¯ and ω be as above, and let {μt }t0 ⊆ M+1 (Sˆ) be a {Sˆt }t∈R-perturbed
convolution semigroup such that E1 and E4–E6 are satisfied. Moreover, assume that S¯  f →
Wω¯(f ) is σ(Sˆ,S)-weak operator measurable. If suppμt ⊆ S¯ for all t  0 then the conclusion of
Proposition 8 holds true.
Proof. As in Remark 1, write (Fμt)(f ) =
∫
Sˆ χ(f )dμt(χ) =
∫
S¯ e
iσ¯ (f,g) dμt(g). Defining
Vt (x) =
∫
S¯
Wω¯(g)xWω¯(g)
∗ dμt(g), x ∈M, t  0, (19)
we see that Vt (Wω(f )) = (Fμt)(f )Wω(f ) for all f ∈ S, t  0, and Vt(M) ⊆ M, where M =
πω(A(S))′′. We now proceed as in the proof of Proposition 8. 
The preceding proposition can be applied to the following situation. Let the symplectic
space S in the problem at hand be the Schwartz space S (Rd) or the test function space D(Rd),
and take S¯ = L2(Rd) considered as a symplectic space with symplectic form σ¯ (f, g) = Im〈f,g〉,
the imaginary part of the L2-inner product, and let σ be the restriction of σ¯ to S. Then the norm
topology on L2(Rd) is in T (S¯, σ¯ ).
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In [7], we constructed Dirac, Gaussian, and Poisson {Sˆt }t∈R-perturbed convolution semi-
groups which, by Theorem 7, induce semigroups on the CCR-algebra. In this section we will
give conditions for them to be ω-covariant for a state ω on the CCR-algebra and calculate the
generators of their extensions to the von Neumann algebra associated with the representation πω
of the CCR-algebra.
Throughout this section let us fix the following assumptions and notation. Let (S, σ ) be a sym-
plectic space with a nondegenerate symplectic form σ and let {St }t∈R be a group of symplectic
linear maps. To assure the σ(S,S)-continuity of functions the form S  f → ∫ t0 F(Sr(f ))dr ,
where F : S → R is a σ(S,S)-continuous function, we assume that the σ(S,S)-topology satis-
fies the first axiom of countability in order to characterize continuity by sequential convergence
and make the dominated convergence theorem applicable. This assumption is satisfied, for ex-
ample, if S is a complex separable pre-Hilbert space (e.g. Schwartz space S (Rd)) considered as
a symplectic space in the canonical way. Moreover, we shall assume throughout that {St }t∈R is
weakly measurable, i.e. that t → σ(St (f ), g) is measurable for all f,g ∈ S.
We start with a general lemma. The set of all infinitely differentiable functions on ]0,∞[ with
compact support is denoted by C∞c (]0,∞[).
Lemma 11. Suppose {μt }t0 is a {Sˆt }t∈R-perturbed convolution semigroup satisfying E1–E6
for a state ω and let {Tt }t0 be the semigroup given by Proposition 8. Let δ be the generator of
the automorphism group {βt }t∈R ⊆ AutM defined in (15) and let Z be the generator of {Tt }t0.
Define
B= lin{Wω(f ): f ∈ S} (20)
and
C =
{ ∞∫
0
ζ(t)Tt (x)dt : x ∈B, ζ ∈ C∞c
(]0,∞[)
}
. (21)
Then C is ultraweakly dense in M, C ⊆ domZ, C ⊆ dom δ, and C is a core for both Z and δ.
Proof. Let C◦ = {ϕ ∈ M∗: 〈x,ϕ〉 = 0∀x ∈ C} be the polar of C. Let ϕ ∈ C◦, then 0 =∫∞
0 ζ(t)〈Tt (x),ϕ〉dt for all x ∈ B and ζ ∈ C∞c (]0,∞[), thus the continuous function t →〈Tt (x),ϕ〉 vanishes on ]0,∞[, hence 〈x,ϕ〉 = 0 for all x ∈B, hence ϕ = 0 and we have C◦ = {0}.
Now the bipolar theorem implies M= C◦◦ = C.
Let xζ =
∫∞
0 ζ(t)Tt (x)dt ∈ C, then 1s (Ts(xζ ) − xζ ) = 1s
∫∞
0 ζ(t)[Ts(Tt (x)) − Tt (x)]dt , and
since Tt (x) ∈ domZ if t > 0 we obtain by the dominated convergence theorem upon letting s ↓ 0
that
Zxζ =
∞∫
ζ(t)
d
dt
Tt (x)dt =
∞∫
ζ(t)Z
(
Tt (x)
)
dt, x ∈B, (22)0 0
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0 ζ(t)Tt (Wω(f ))dt =
∫∞
0 ζ(t)Γt (f )βt (Wω(f ))dt , f ∈ S, ζ ∈ C∞c (]0,∞[), then as before
1
s
(
βs(xζ )− xζ
)= 1
s
∞∫
0
ζ(t)Γt (f )
[
βs
(
βt
(
Wω(f )
))− βt(Wω(f ))]dt.
Since βt (Wω(f )) ∈ dom δ if t > 0 we get by letting s ↓ 0
δ(xζ ) =
∞∫
0
ζ(t)Γt (f )δ
(
βt
(
Wω(f )
))
dt =
∞∫
0
ζ(t)δ
(
Tt
(
Wω(f )
))
dt. (23)
We conclude that C ⊆ dom δ, and since βt (Wω(f )) = Wω(St (f )) we also see that βt (C) ⊆ C,
thus C is a core for δ. 
4.3.1. The Gaussian case
Let Q : S → R be a positive quadratic form (i.e. Q(f + g) + Q(f − g) = 2(Q(f ) + Q(g))
for all f,g ∈ S). We assume throughout that t → Q(St (f )) is measurable and locally integrable.
Then Qt(f ) =
∫ t
0 Q(Sr(f ))dr is also a quadratic form and there exists a unique measure μt ∈
M+1 (Sˆ) such that
(Fμt)(f ) = Γt(f ) = e−Qt (f ), f ∈ S, t  0. (24)
It was shown in [7] that {μt }t∈R is a {Sˆt }t∈R-perturbed convolution semigroup. We say that
{μt }t0 and the corresponding semigroup {τt }t0 on A(S) given by Theorem 7 are of Gaussian
type.
If f → Q(f ) is τn(S, σ (S,S)) = σ(S,S)-continuous then f → Qt(f ) is σ(S,S)-continuous
as well because St is symplectic, thus in this case E1 is satisfied, and E2 is clearly satisfied as
well.
If t → Wω(tf ) is strongly continuous for all f ∈ S the state ω is called regular and we can
introduce the field operators φω(f ), f ∈ S, of the Weyl system {Wω(f ): f ∈ S} as the generators
of the unitary groups {Wω(tf )}t∈R. It can be shown [11] that ξω ∈ domφω(f ) for all f ∈ S if
and only if t → ω(W(tf )) is twice differentiable for all f ∈ S. This condition is satisfied for all
quasifree states, see [26] for the necessary definitions concerning quasifree states.
Lemma 12. Assume that ξω ∈ domφω(f ) for all f ∈ S. Moreover, assume that E1–E6 are sat-
isfied for a semigroup {τt }t0 on A(S) of the form (12). Then it follows that D = lin{Wω(g)ξω:
g ∈ S} ⊆ domφω(f ) for all f ∈ S and
[
φω(g1),
[
φω(g2),
∞∫
0
ζ(t)Tt
(
Wω(f )
)
dt
]]
ξ
=
∞∫
σ
(
g1, St (f )
)
σ
(
g2, St (f )
)
ζ(t)Tt
(
Wω(f )
)
ξ dt (25)0
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∫∞
0 ζ(t)Tt (Wω(f ))dt ∈ C, ζ ∈ C∞c (]0,∞[). The double
commutator in (25) is well defined.
Proof. Since the right-hand side of Wω(tf )Wω(g)ξω = e−itσ (f,g)Wω(g)Wω(tf )ξω is strongly
differentiable with derivative
φω(f )Wω(g)ξω = −σ(f,g)Wω(g)ξω + Wω(g)φω(f )ξω
at t = 0 we have Wω(g)ξω ∈ domφω(f ), it follows that D ⊆ domφω(f ). Using this result we
get by a similar calculation
[
φω(f ),Wω(g)
]
ξ = −σ(f,g)Wω(g)ξ, f, g ∈ S, ξ ∈ D. (26)
We have Tt (Wω(f ))ξ ∈ domφω(g), and by E4 the map t → Tt (Wω(f )) is ultraweakly and hence
weak-operator continuous, hence the integrals
∞∫
0
ζ(t)Tt
(
Wω(f )
)
ξ dt,
∞∫
0
ζ(t)φω(g)Tt
(
Wω(f )
)
ξ dt
exist in Hω as weak∗-integrals. If η ∈ domφω(g) then
〈
φω(g)η,
∞∫
0
ζ(t)Tt
(
Wω(f )
)
ξ dt
〉
=
∞∫
0
ζ(t)
〈
φω(g)η,Tt
(
Wω(f )
)
ξ
〉
dt
=
〈
η,
∞∫
0
ζ(t)φω(g)Tt
(
Wω(f )
)
ξ dt
〉
,
and we see that
∫∞
0 ζ(t)Tt (Wω(f ))ξ dt ∈ domφ∗ω(g) = domφω(g). In the same way it can be
shown that
∫∞
0 ζ(t)φω(g1)Tt (Wω(f ))ξ dt ∈ domφω(g2), so that we also have
∞∫
0
ζ(t)Tt
(
Wω(t)
)
ξ dt ∈ dom(φω(g2)φω(g1)) for all f,g1, g2 ∈ S and ξ ∈ D.
By a similar procedure we also obtain
∫∞
0 ζ(t)Tt (Wω(f ))φω(g1)ξ dt ∈ domφω(g2) for all
f,g1, g2 ∈ S and ξ ∈ D. Using these results we see upon expanding the double commutator
on the left-hand side of (25) that it is well defined, and by applying (26) to the left-hand side
of (25) we obtain the desired result. 
In what follows we will write the bounded operator on Hω defined by D  ξ → [φω(f ), x]ξ =
φω(f )xξ − xφω(f )ξ , x ∈ C, formally as a commutator [φω(f ), x].
Proposition 13. Let {μt }t0 be a Gaussian {Sˆt }t∈R-perturbed convolution semigroup defined
by (24) with quadratic form Q : S → R+ such that f → Q(f ) is τn(S, σ (S,S))-continuous.
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Then the corresponding semigroup {τt }t0 on A(S) given by Theorem 7 is ω-covariant and
the generator Z of the quantum dynamical semigroup {Tt }t0 on M induced by the covariance
condition (9) is given by
Zx = δ(x)−
∞∑
k=1
λk
[
φω(fk),
[
φω(gk), x
]]
, x ∈ C, (27)
where {fk}k∈N, {gk}k∈N are σ(S,S)-equicontinuous sequences in S and the sequence {λk}k∈N ⊆
R satisfies ∑∞k=1 |λk| < ∞.
Proof. First we notice that E1–E6 are satisfied and that the semigroup {Tt }t0 given by (16) ex-
ists and is ultraweakly continuous. By polarization the bilinear form B : S × S → R correspond-
ing to Q via Q(f ) = B(f,f ), f ∈ S, is jointly τn(S, σ (S,S))-continuous. The nuclear kernel
theorem [33] implies the existence of equicontinuous sequences {fk}k∈N, {gk}k∈N ⊆ S′ = S (in
particular, the sequences are contained in a compact set by the Alaoglu–Bourbaki theorem) and
an absolutely summable sequence {λk}k∈N ⊆ R such that
B(f,g) =
∞∑
k=1
λkσ (f,fk)σ (g, gk), f, g ∈ S. (28)
Now observe that t → Γt(f ) is differentiable almost everywhere by the Lebesgue fundamental
theorem of calculus. Let xζ =
∫∞
0 ζ(t)Tt (Wω(f ))dt ∈ C, f ∈ S, then from (22) and (23) we
have
Zxζ =
∞∫
0
ζ(t)
d
dt
[
Γt (f )βt
(
Wω(f )
)]
dt
=
∞∫
0
ζ(t)Γt (f )
[
δ
(
βt
(
Wω(f )
))−Q(St (f ))Wω(St (f ))]dt
= δ(xζ )−
∞∑
k=1
λk
∞∫
0
ζ(t)σ
(
St (f ), fk
)
σ
(
St (f ), gk
)
Tt
(
Wω(f )
)
dt
= δ(xζ )−
∞∑
k=1
λk
[
φω(fk),
[
φω(gk), xζ
]]
,
where we have used Lemma 12, the expansion of the bilinear form (28), and the dominated
convergence theorem for series together with the weak measurability of {St }t∈R and local inte-
grability of t → Qt(f ). We conclude that (27) holds for all x ∈ C. 
The result of the preceding proposition can be sharpened if S carries a complex structure,
i.e. there exists a complex pre-Hilbert space H with inner product 〈·,·〉 such that the real vector
space S equals H and σ(f,g) = Im〈f,g〉 for all f,g ∈ S. Let J : S → S be given by Jf = if ,
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the seminorms q(x) = ‖ρx‖, where ρ is a Hilbert–Schmidt operator on H˜. A linear operator A
on H is nuclear if and only if [33] there exist sequences {gk}k∈N ⊆ H∗ ⊇ H and {hk}k∈N ⊆ H and
a sequence {λk}k∈N ⊆ R with ∑∞k=1 |λk| < ∞ such that
Af =
∞∑
k=1
λk〈gk, f 〉hk, f ∈ H, (29)
where {gk}k∈N is equicontinuous and {hk}k∈N lies in a complete convex circled and bounded sub-
set B of H, where complete means that the subspace HB =⋃∞n=1 nB of H, normed by the gauge
pB(x) = inf{λ > 0: x ∈ λB} of B , is complete, i.e. a Banach space. Clearly, if H is complete
then in view of Alaoglu’s theorem it is sufficient that ‖gk‖,‖hk‖ 1 for all k ∈ N.
Corollary 14. Let all assumptions be as in Proposition 13 except that S carries a complex struc-
ture and that Q(f ) = 〈f,Af 〉 where A is a nuclear positive C-linear operator on H. Then {τt }t0
is ω-covariant and the generator Z of the corresponding quantum dynamical semigroup {Tt }t0
is given by
Zx = δ(x)−
∞∑
k=1
λk
[
φω(ek),
[
φω(ek), x
]]
, x ∈ C, (30)
where {ek}k∈N ⊆ H is a norm bounded sequence and {λk}k∈N ⊆ R+ is a sequence such that∑∞
k=1 λk < ∞.
Proof. Since A is nuclear and positive it is easy to show that f → Q(f ) = 〈f,Af 〉 is
τn(S, σ (S,S))-continuous, thus E1–E6 are satisfied. From (29) it follows that A has an ex-
tension A˜ to H˜ such that A˜ is nuclear and positive. Now there exists an orthonormal basis
{e′k}k∈N ⊆ H˜ and a summable sequence {λ′k}k∈N with λ′k  0 such that A˜f =
∑∞
k=1 λ′k〈e′k, f 〉e′k .
Since A is nuclear on H it is compact [33]. Now let f ∈ H˜, then there exists a sequence {fn}n∈N
such that fn → f in norm, and by compactness (after passing to a subsequence) we can assume
that Afn → y ∈ H. But then A˜f = y and we conclude A˜(H˜) ⊆ H, in particular A˜e′k = λ′ke′k ∈ H,
i.e. e′k ∈ H, k ∈ N. For the quadratic form we obtain
Q(f ) =
∞∑
k=1
λ′k
∣∣〈e′k, f 〉∣∣2 =
∞∑
k=1
λ′k
∣∣σ (e′k, Jf )+ iσ (e′k, f )∣∣2
=
∞∑
k=1
λ′kσ
(
Je′k, f
)2 + ∞∑
k=1
λ′kσ
(
e′k, f
)2 = ∞∑
k=1
λkσ (ek, f )
2, f ∈ S, (31)
with λ2k = λ2k−1 = λ′k , and e2k = e′k , e2k−1 = Je′k , k ∈ N. Thus the quadratic form has been diag-
onalized in the symplectic basis {ek}k∈N. The rest of the proof proceeds as in Proposition 27. 
It is worth noting that in [36] generators of Gaussian semigroups on representations of A(S)
were studied, but in a different setting and under somewhat more restrictive assumptions. Note
also that the proofs in that paper contain some gaps [37], one of which is filled by our Corollary 5.
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Let ν ∈M+b (Sˆ) be a positive bounded measure and suppose throughout that t → (Fν)(St (f ))
is measurable and locally integrable for all f ∈ S. Then t → (Sˆt )∗ν is σ(Mb(Sˆ),C0(Sˆ))-
measurable and the measures νt =
∫ t
0 (Sˆr )∗ν dr are well defined. It was shown in [7] that {μt }t0,
where μt = e−t‖ν‖ exp(νt ), is a {Sˆt }t∈R-perturbed convolution semigroup. In this case we say that
{μt }t0 and the corresponding semigroup {τt }t0 on A(S) are of Poisson type.
From the above definitions we have
(Fνt )(f ) =
t∫
0
∫
Sˆ
χ(f )d
[
(Sˆr )∗ν
]
(χ)dr =
t∫
0
(Fν)(Sr(f ))dr, (32)
therefore
(Fμt)(f ) = Γt (f ) = e−t‖ν‖
(
F
∞∑
k=0
ν∗kt
k!
)
(f )
= e−t‖ν‖ exp((Fνt )(f )), f ∈ S, t  0. (33)
We see that if f → (Fν)(f ) is σ(S,S)-continuous then condition E1 is satisfied because St is
symplectic; moreover, E2 is satisfied as well. As in the proof of Proposition 16 there exists a
bounded measure ν0 on σ(US) such that (Fν)(f ) =
∫
S e
iσ(f,g) dν0(g), f ∈ S.
Proposition 15. As above let {μt }t0 be a Poisson {Sˆt }t∈R-perturbed convolution semigroup
and assume that f → (Fν)(f ) is τn(S, σ (S,S))-continuous. Moreover, assume that E3–E6 are
satisfied for some state ω on A(S). Then the semigroup {τt }t0 on A(S) given by Theorem 7 is
ω-covariant and the generator Z of the corresponding quantum dynamical semigroup {Tt }t0
on M induced by the covariance condition (9) is given by
Zx = δ(x)+LP(x), x ∈ C, (34)
where
LP(x) =
∫
S
[
Wω(g)xWω(g)
∗ − x]dν0(g), x ∈M, (35)
and LP is a bounded normal operator.
Proof. By the preceding remarks E1–E6 are satisfied. For f ∈ S and a function ζ ∈ C∞c (]0,∞[)
let xζ =
∫∞
0 ζ(t)Tt (Wω(f ))dt ∈ C. From (22) and (23) we have, as in the proof of Proposi-
tion 13,
Zxζ =
∞∫
ζ(t)
d
dt
[
Γt (f )βt
(
Wω(f )
)]
dt0
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∞∫
0
ζ(t)Γt (f )
[
(Fν)(St (f ))− ‖ν‖]Wω(St (f ))dt
= δ(xζ )+
∞∫
0
∫
S
ζ(t)Γt (f )
[
eiσ(St (f ),g) − 1]Wω(St (f ))dν0(g)dt
= δ(xζ )+
∫
S
∞∫
0
ζ(t)Γt (f )
[
Wω(g)Wω
(
St (f )
)
Wω(g)
∗
−Wω
(
St (f )
)]
dt dν0(g)
= δ(xζ )+
∫
S
[
Wω(g)xζWω(g)
∗ − xζ
]
dν0(g),
where we have used (32) and (33), the Weyl relations, and Fubini’s theorem. We conclude
that (34) holds for all x ∈ C. 
4.3.3. The Dirac case
Let ψ be a linear functional on S such that t → ψ(St (f )) is measurable and locally integrable
for all f ∈ S, define ψt(f ) =
∫ t
0 ψ(Sr(f ))dr and the character χt ∈ Sˆ by χt (f ) = eiψt (f ). Then
{μt }t0, where μt = δχt , is a {Sˆt }t∈R-perturbed convolution semigroup [7]. We say that {μt }t0
and the corresponding semigroup {τt }t0 on A(S) are of Dirac type. Here δχ denotes the Dirac
measure in M+1 (Sˆ) concentrated in χ .
The map f → (Fμt)(f ) = χt (f ) is τn(S, σ (S,S)) = σ(S,S)-continuous if and only if ψ ∈ S
since St is symplectic, t  0; in this case E1 and E2 are satisfied.
Proposition 16. Let ψ be a linear functional of the form ψ(f ) = σ(f,g), g ∈ S, and {μt }t0 be
the associated perturbed convolution semigroup of Dirac type. Suppose that ω is a regular state
on A(S) such that ξω ∈ domφω(f ) for all f ∈ S, and such that E3–E6 are satisfied. Then the
corresponding semigroup {τt }t0 given by Theorem 7 is ω-covariant and the generator Z of the
quantum dynamical semigroup {Tt }t0 on M induced by the covariance condition (9) is given
by
Zx = δ(x)+ i[φω(g), x], x ∈ C. (36)
Proof. We proceed as in the proof of Proposition 13. For f ∈ S and ζ ∈ C∞c (]0,∞[) let xζ =∫∞
0 ζ(t)Tt (Wω(f ))dt ∈ C, then
Zxζ =
∞∫
0
ζ(t)
d
dt
[
Γt(f )Wω
(
St (f )
)]
dt
= δ(xζ )+ i
∞∫
ζ(t)σ
(
St (f ), g
)
Tt
(
Wω(f )
)
dt0
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∞∫
0
ζ(t)
[
φω(g), Tt
(
Wω(f )
)]
dt
= δ(xζ )+ i
[
φω(g), xζ
]
,
where we have used (26). We conclude that (36) holds for all x ∈ C. 
5. Concluding remarks
By our strategy of extending semigroups on A(S) which are induced by a {Sˆt }t∈R-perturbed
convolution semigroup of measures via Theorem 7 we obtained quantum dynamical semigroups
on representations of the CCR-algebra which have the familiar generators (27), (34), or (36) of
Gauss, Poisson, and Dirac type. We emphasize that instead of constructing semigroups directly
from these expressions the method we employed in the present paper bypasses some serious
mathematical difficulties. For example, starting from (27), (34), and (36), we would have to check
that the operators defined by these equations are ultraweakly closed and that their resolvents
satisfy (1) and (2) in order to apply Theorem 1, which seems to be a formidable task, at least in
the Gaussian case.
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